Partial Teleportation of Entanglement in the Noisy Environment 



O 

o 
o 

(N 



> 
O 
\0 ■ 

o ■ 
cn : 
o . 
o ■ 
o ■ 

^ : 

Ok 
-I— > ' 
G ■ 
ctf 

3 : 



Jinhyoung Lee, 1 ' 2 M. S. Kim, 1 Y. J. Park, 2 and S. Lee 3 
1 School of Mathematics and Physics, The Queen's University of Belfast, BT7 INN, United Kingdom 
2 Department of Physics, Sogang University, CPO Box 114-2, Seoul 100-611, Korea 
3 Department of Applied Mathematics, Sejong University, Seoul, Korea 
(February 1, 2008) 

Partial teleportation of entanglement is to teleport one particle of an entangled pair through a 
quantum channel. This is conceptually equivalent to quantum swapping. We consider the partial 
teleportation of entanglement in the noisy environment, employing the Werner-state representation 
of the noisy channel for the simplicity of calculation. To have the insight of the many-body telepor- 
tation, we introduce the measure of correlation information and study the transfer of the correlation 
information and entanglement. We find that the fidelity gets smaller as the initial-state is entangled 
more for a given entanglement of the quantum channel. The entangled channel transfers at least 
some of the entanglement to the final state. 



I. INTRODUCTION 

Quantum teleportation of a single-particle state has 
been extensively studied both theoretically JlJ and ex- 
perimentally (|]. Quantum teleportation reproduces an 
unknown quantum state at a remote place while the orig- 
inal state is destroyed [Q. The key of the quantum tele- 
portation is the quantum channel composed of the quan- 
tum entangled pair. If the quantum channel is maxi- 
mally entangled, for example, by using the singlet state, 
the quantum state is perfectly reproduced at the remote 
place and the fidelity of the teleportation is unity. How- 
ever, in the real world, the quantum channel lies in the 
noisy environment, which degrades the entanglement of 
the channel. The less is the quantum channel entangled, 
the smaller is the fidelity It has also been found 

that the fidelity of the quantum teleportation is always 
larger than that of any classical communication protocol 
even in the noisy environment 

In this paper, we are interested in partial teleportation 
of an entangled state of a two spin-1/2 system. An en- 
tangled pair of particles are prepared by Alice who wants 
to teleport one of the entangled pair to Bob as shown in 
Fig. [I]. If the quantum channel is maximally entangled, 
the partial teleportation is nothing more than entangle- 
ment swapping . Bennett et al. [jlj argued that tele- 
portation is a linear operation for the perfect quantum 
channel and could be extended to what is now called en- 
tanglement swapping which has been experimentally 
realised |t]]. Entanglement swapping was considered for 
a more generalised multi-particle system [^| and for con- 
centration of partially entangled states ||. In this paper, 
we analyse the environmental effects on the partial tele- 
portation of the entangled state, considering the entan- 
glement transfer and the fidelity. We define a measure of 
entanglement using the partial transposition. Although 
this measure does not completely agree with the entropy 
of entanglement for a pure state, it is useful and gives 
qualitative information. As it is easily calculated and 
satisfies important conditions of the measure of entan- 



glement, we use it to analyse the partial teleportation 
in this paper. The concept of correlation information is 
also introduced. The correlation information we define 
is, in general, dependent on classical and quantum cor- 
relation but we show that it bears a simple and useful 
linear relation for the partial teleportation. 

We assume that the initial entangled state is pure and 
the mixed quantum channel is represented by the Werner 
state. We show that the calculation is much simpler as we 
employ the Werner-state channel while we do not lose the 
generality of the treatment. Entanglement transfer was 
extensively studied by Schumacher jl(| and teleportation 
through general channels was considered by Horodecki et 
al. Q. 

II. MEASURES OF ENTANGLEMENT 

For a pure state p of a bipartite system, one can choose 
the entropy S of entanglement as a measure of entangle- 
ment, where 



S = Tr p a log 2 p a = Trp b log 2 p b 



(1) 



where p a ,b — Tr^p is the reduced density matrix for 
the subsystem a or b. For a mixed state, there have 
been many definitions for the measure of entanglement 
such as entanglement of formation fl2]| , quantum relative 
entropy, and Bures metric [^3 14|. Every measure E(p) 
should satisfy the following necessary conditions for a 
given density matrix p |l3|Jl4| ], 

(C.l) E(p) = if and only if p is separable. 

(C.2) A local unitary transformation leaves E(p) invari- 
ant; 



E{Ui ® U 2 pUl 



E(p) 



(2) 



for all unitary operators U\ and U%. 
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(C.3) E(p) cannot increase under local general measure- 
ments (LGM), classical communications (CC), and 
post selection of subensemble (PSS), 



X>£(&) <E(p), 



(3) 



where Pipi = A\ ® BipA] £g> 2? J with ^ = TrA^ ® 
BipA\ eg) Z?t; two set of LGM operators {A,} and 
{Bi} are classically correlated by CC. 

The requirement of the condition (C.l) is clear since a 
separable state is just classically correlated and should 
be independent of the entanglement. Since a local uni- 
tary operation is performed only locally, it cannot af- 
fect any entanglement, required by the condition (C.2). 
The condition (C.3) is related with the purification proce- 
dure which selects a subensemble of maximally- quantum- 
correlated pairs among an impure ensemble The 
purification procedure can distill maximally entangled 
states such that E{pi) > E(p) for a certain route i, but 
the average entanglement cannot increase over the whole 
ensemble since quantum nonlocal operations are not in- 
troduced, represented in the condition (C.3). 

For a two spin- 1/2 system, we define the measure of 
entanglement in terms of the negative eigenvalues of the 
partial transposition of the state. Consider a density ma- 
trix p for a two spin- 1/2 system and its partial transpo- 
sition a = p T2 . The density matrix p is inseparable if 
and only if a has any negative eigenvalues jjjl^l. The 
measure of entanglement E(p) is then defined as 



£(p) = -2]Ta: 



(4) 



where A~~ are the negative eigenvalues of a and the factor 
2 is introduced to have < E(p) < 1. In Appendix, 
we prove that the entanglement measure (0) satisfies the 
above necessary conditions. 

In fact, there is the fourth condition which a measure 
of entanglement has to satisfy: 

(C.4) For pure states, the measure of entanglement re- 
duces to the entropy of entanglement. 

We note that for a pure entangled state the entanglement 
measure (|j) is not reduced to the entropy of entangle- 
ment S but is a monotonously increasing function of S 
as shown in Fig. ||. Vedral and Plenio |l4] showed that 
the Bures metric satisfies the condition (C.1)-(C.3) but is 
smaller than the entropy of entanglement for pure states. 
They then wrote that measures which do not satisfy con- 
dition (C.4) can nevertheless contain useful information 
on entanglement. The Schmidt norm is another example 
of the measure of entanglement which does not satisfy 
condition (C.4) p6| . The entanglement measure (|]) can 
qualitatively give information on the entanglement of a 
given state as it satisfies conditions (C.1)-(C.3). Because 
of convenience in calculation, we use E(p) in Eq. (|J) as 
the measure of entanglement in this paper. 



III. PARTIAL TELEPORTATION OF 
ENTANGLEMENT 

We consider the partial teleportation of entanglement 
as shown in Fig. [j, where Alice teleports one particle 
of her entangled pair to Bob. Alice and Bob share an 
ancillary pair of an entangled state. Alice performs the 
Bell-state measurement on one of her original entangled 
pair and her part of the ancillary pair. Upon receiving 
Alice's measurement result through a classical channel, 
Bob unitary rotates his part of the ancillary pair based 
on it. If the ancillary pair is perfectly entangled, Bob's 
particle and Alice's unmeasured particle become entan- 
gled as the Alice's original entangled pair. The basic 
idea of the partial teleportation is similar to the single- 
particle teleportation or entanglement swapping but our 
interest here does not stop at a simple result of the tele- 
portation of a particle. In this paper, the quantum chan- 
nel is represented by a mixed entangled state due to the 
influence from the environment. We are interested in 
how the entanglement of the teleported state is affected 
by such the imperfect quantum channel by studying the 
channel-dependent fidelity, information transfer and en- 
tanglement transfer. We assume for the simplicity that 
Alice's initial state is pure and the quantum channel is 
represented by a Werner state . 

An initial pure state for entangled two particles 1 and 
2 is given in the Hilbert-Schmidt space by 



^ = - l®l+ao 



nm 

(5) 



where <?o and bo are real vectors and Cq" 1 is an element of 
the real matrix Co- The initial pure state po in Eq. (|^) 
satisfies the pure state condition p 2 = p. We can also 
consider a general representation of the initial pure state 
(||) , with help of the seed state pi 2 defined as follows 



p 12 = {u 1 ®u 2 )p i2 {u 1 ®uy 



(6) 



where U 1 and U 2 are local unitary operators acting re- 
spectively on the particles 1 and 2. The density operator 
for the seed state is 

pi 2 = j ^1 ® 1 + a Q a z <g 1 + 1 (g> a a z + c n a n ® a r ^j 

(7) 

where ao is a positive real number and c = (co, — cq, 1) 
a real vector, constrained by a 2 , + Cq = 1. The vector c 
describes the quantum correlation of the pure state p 12 , 
yielding the relation Eq — \cq\, where Eq is the measure 
of entanglement for p 12 . The state has no entanglement, 
i.e., Eq = 0, if and only if c = 0. Now, the state p 12 
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is characterised by one parameter cq or equivalently by 
its entanglement Eq. By the definition of the measure of 
entanglement, the initial state of the density operator p 12 
and the state of the seed density operator pi 2 have the 
same measure of entanglement, Eq. It is thus clear that 
the initial state p 12 is fully determined by its measure 
of entanglement Eq and the local unitary operations U 1 
and U 2 . 

We take the Werner state for the quantum channel. 
In fact, any mixed state can be made a Werner state by 
random local SU{2) ® SU{2) operations so that 

we do not lose the generality by taking the Werner state 
in describing the mixed channel. The Werner state w 34 
of the ancillary particles 3 and 4 is 



w 



34 



1 



(8) 



where c™ m is an element of the real matrix C w — (2$ + 
l)/3 ■ diag(— 1, — 1, — 1). The Werner state becomes the 
singlet state when $ = 1. The parameter $ is related 
to the entanglement E w of the Werner state u> 34 . It is 
straightforward to show that E w = max(0, <E>). 

The Bell-state measurement by Alice is represented by 
a family of projectors 
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l*a 3 X*al = J(^ + £prV»^m) (9) 
\ nm / 



where 'I' 23 ) are the four possible Bell states and p™ m is 
an element of the real matrix P a ; Pq = diag(— 1, — 1, —1), 
P 1 = diag(-l,l,l), P 2 = diag(l,-l,l), P 3 = 
diag(l, 1, — 1). The Bell measurement is performed on 
the particle 2 of the initial entangled pair and the parti- 
cle 3 of the Werner state (see Fig. [l]). 

The quantum teleportation utilises both the classical 
and quantum channels. Upon receiving the two-bit clas- 
sical message on the Bell-state measurement through the 
classical channel, Bob performs the unitary transforma- 
tion on the particle 4 accordingly. If the quantum chan- 
nel is in the spin singlet state, the teleportation can be 
perfectly completed by one of the following four possi- 
ble unitary operators: 1, a x , a y , and a z . However, for 
the mixed channel, it is difficult for Bob to decide which 
unitary transformation to get the final state p 14 maxi- 
mally close to the initial state p 12 . Let us consider how 
to determine the right unitary transformation when the 
channel is in the Werner state. 

Suppose Bob receives a two-bit message through the 
classical channel saying that Alice's measurement was 
|\I/„ 3 ). Bob then applies the unitary transformation I7 4 
on the particle 4, then the state p 44 of the two particles 
1 and 4 becomes 



= -Tr 2 , 3 

Pa 



P. 



23 



l> 4 (p 42 ^ 34 )P 23 



t/ 4 



(10) 



where p a is the probability of I* 23 ) to be the result of 
Alice's measurement. Eq. ( |l0| ) can be written in the 
Hilbert-Schmidt space as 



-14 



\ nm 



(ii) 



with the parameters 



2$ + 1 rp - 

ba = ~^—OlP a b , 



C a — 



2$ + 1 



-OiP a Co. 



(12) 



Here we have the rotation matrix O a in the Bloch space 
for a single particle state, obtained from the unitary op- 
erator U a fl : 



U a a-aUl = (Ola) - a. 



(13) 



The fidelity F measures how close the final state p 14 
is to the initial state p 12 ; F — X) a PaTrp 12 p 44 . If the 
teleportation is perfect, the final state is the same as the 
initial state so that the fidelity is 1. By substituting p 12 
in (H) and p 44 in (|lj) into the definition of the fidelity, 
we find the fidelity for the Werner-state channel 



F 



l + \a 
2$ + 1 



2$ + 1 



-b 



V a J 

^[--JZO T a P a C^C^ . (14) 



The task is now to find Bob's unitary operations U a to 
maximise fidelity ( |l4| ) . For a general mixed channel, the 
fidelity is a function of the initial and channel states as 
well as Bob's unitary operation. However, the basic as- 
sumption of the quantum teleportation is that the initial 
state is unknown. In order to examine the faithfulness 
of quantum teleportation, we need to average the fidelity 
over the Hilbert space where the initial state lies in. The 
unitary operations should be determined to maximise the 
average fidelity m . 

For the Werner-state channel the fidelity has been cal- 
culated as in Eq. (|l4|), where the measurement depen- 
dence is found in the terms including — ^2 a OlP a . It 
is clear that — P a in Eq. (j^) is a rotation matrix thus 
Oq-PqI ^ !• Choosing O a = —P a to maximise the fi- 
delity (14), we find that the corresponding unitary op- 



erators are the same as in the singlet-state channel dis- 
cussed above. This choice enables Bob to produce the 
measurement-independent final state p^ 4 — p 14 . 

The fidelity for the Werner-state channel is then given 

by 



3 



2$+ 1 



M 



2$ + 1 



TrC n T C 



(15) 



It is seen that the fidelity is invariant for the local uni- 
tary transformations on the initial pure state. Noting 
|<Xo|j \bo\ an d TrCg Co are uniquely determined by the 
entanglement Eq for the initial state, the fidelity can be 
finally written as 



F = 



E„ 



E„ 



1 



G 



(16) 



It is clear that the fidelity ( jig) depends on the initial- 
state entanglement Eq and channel entanglement E w . 

The large entanglement in the channel enhances the 
fidelity and the maximally entangled channel gives the 
unit fidelity independent from the initial-state entangle- 
ment Eq. When Alice's initial state is disentangled, i.e. 
£7o = 0, it can be written as a direct product of two indi- 
vidual states and the partial entanglement teleportation 
becomes equivalent to a single-particle case. In this case, 
the fidelity is F = (E w +2)/3, equal to that for the single- 
particle teleportation J5|. It has an upper bound of 2/3 
producible by classical communication of E w = p[ . For 
the entangled initial state with Eq ^ 0, the large initial- 
state entanglement Eq reduces monotonously the fidelity 
( |l6| ) for a given channel entanglement E w < 1 because 
the sign of the second term is negative in Eq. ([l6]) . This 
implies that the initial entanglement has fragile nature to 
teleport. In other words, the entanglement is destroyed 
easily by the environment. 

To examine the loss of the initial entanglement, we 
consider the entanglement transfer by teleportation. We 
are interested in how much the initial-state entanglement 
is transferred to the final state. The measure of entan- 
glement for the final state is calculated as 



E w f + 3E W (2 + E w )E 2 q - (1 - E w ) 

(17) 



As dE/dE w > 0, large entanglement of the channel en- 
hances the entanglement transfer to the final state from 
the initial one. For a given entanglement of the chan- 
nel, the entanglement of the final state increases as the 
initial-state entanglement gets larger. The entanglement 
of the final state is nonzero as far as E w ^ and Eq ^ 0, 
which shows that the entangled channel transfers at least 
some of the initial entanglement to the final state. 



IV. CORRELATION INFORMATION 

Brukner and Zeilinger have recently derived a measure 
of information for a quantum state Eq |. The informa- 
tion measure is invariant for a choice of a complete set 



{A\, ■ ■ ■, A m } of complementary observations and is con- 
served as far as there is no information exchange between 
the system and the environment pl|. We employ the 
measure of information to study the quantum informa- 
tion transfer in the partial teleportation of entanglement. 

Suppose an experimental arrangement for a mea- 
surement by observable Aj which has n possible out- 
comes with n dimensional probability vector p — 
(pi, ...,Pi, ...,Pn) for a given system. The system is sup- 
posed to have maximum fc-bits of information such that 
n = 2 k . The measure of information Ij for the observable 
Aj is defined as 



(18) 



where the normalisation constant N = 2 k k/(2 k — 1). Ij 
results in k bits of information if one pi = 1 and bits 
of information if all pi are equal. For a complete set 
of m mutually complementary observables the measure 
of information is defined as the sum of the measures of 
information over the complete set 



(19) 



for the quantum state p. A single spin-1/2 system, for 
example, is represented by the measure of information 
I(p) = 2Trp 2 - 1. 

In the following, we define the measure of correlation 
information based on the measure of information intro- 
duced by Brukner and Zeilinger. Let us consider the 
measure of information for a composite system of two 
particles which can be decomposed into three parts. Each 
particle has its own information corresponding to its re- 
duced density matrix, which we call the individual infor- 
mation. The two particles can also have the correlation 
information which depends on how much they are corre- 
lated. 

The measure of total information for a density matrix 
p of the two spin-1/2 particles is (Dl 



I(p) = - (4Trp 2 - 1) . 



(20) 



The measures of individual information I a (p) and h(p) 
for the particles a and b are 



I a (p) =2Tr Q (p a f-l 
I b (p) = 2Tr b (p b f - 1 



(21) 
(22) 



where p a j, = Tr^^p are reduced density matrices for the 
particles a and b. If the total density matrix p is rep- 
resented by p — p a <8> /5b, the total system is completely 
separable and we know that there is no correlation in- 
formation. We thus define the measure of correlation 
information as 
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I c (p) = I(p) - I(p a 



•M = I{p) - -[I a {p) + h{p) 

+I a (p)I b (p)}. (23) 



The measures of individual and correlation information 
are invariant for any particular choice of the complete set 
of complementary observables. 

If there is no correlation between the two particles, 
the measure of total information is a mere sum of the 
measures of individual information. On the other hand, 
the total information is imposed only on the correlation 
information, I — I c , if there is no individual information, 
I a = lb = 0. For a two spin-1/2 system, the maximally 
entangled states have only the correlation information. 

Note that the correlation information is not the same 
as the measure of entanglement. Only when a pure state 
is considered the measure of the correlation is directly 
related to the measure of entanglement. For a mixed 
state, the correlation information also includes the in- 
formation due to classical correlation. For example, the 
state of the density operator p cc = 1/4(1 ® 1 — a z ® <r z ) is 
not quantum-mechanically entangled but classically cor- 
related with the correlated information I c ^ |ist| . 

The total information I(p 1A ) in the final state ( |TT|) is 
obtained using its definition (|20|): 



individual information for the particle 2 is not fully trans- 
ferred to the particle 4 and the correlation information is 
decreased. The coefficient for the decrease of the infor- 
mation is the same for I4 and I c but we must remember 
that the maximum measure of correlation information is 
2 while that of individual information is 1 , which shows 
that the correlation information can be lost more easily. 

Because the final state is a mixed state, its correlation 
information I c describes in general both the quantum 
and classical correlations. For an entangled initial state 
of E ^ we consider two cases: E w = and E w ^ 0. If 
E w = 0, the final state is classically correlated because 
I c ± in Eq. @ whereas E = E{p u ) = in Eq. (0). 
On the other hand, if E w ^ 0, the correlation information 
I c can be written in terms of the final entanglement E: 



Hp 1 



1 + 2 




-1 \EA 



(24) 



which depends on the initial-state and the channel en- 
tanglement. We can easily find that < I{p 1A ) < 2 from 
the range of the entanglement measure < E w , Eq < 1. 
The measure of information for the initial state is 2 as it 
is a pure two spin-1/2 system. The final state can have at 
best the same amount of information as the initial state 
because the noisy environment acts only to dissipate the 
information. The total information is better preserved 
for the larger channel entanglement E w . The total in- 
formation is lost more easily for the larger initial entan- 
glement as the sign of the coefficient for Eq is negative. 
This is consistent with the discussions for the fidelity. 

We evaluate the measures of individual 1\ , I4 and cor- 
relation I c information for the final state given by 



h{p U ) = I° l 



2K„ + 1 



I c (p")='" 2E - + 1 



1° 



1° 



(25) 
(26) 

(27) 



where 



1 - El 1° = 1 - El and J° = 2(4 - E 2 )E 2 /3 
are the measures of individual and correlation informa- 
tion for the initial state p 12 . Because there has been no 
action on Alice's particle 1, its individual information re- 
mains unchanged with I\ = I®. On the other hand, the 



2E n 



1 



E 



E+(1-E w ) 

E w (2 + E w ) 

E+(1-E w ) 
x . _ 

E w (2 + E w ) 



E. 



(28) 



The correlation information I c = if and only if E = 
for partial teleportation via the Werner channel. This 
shows that for E w ^ the correlation information of the 
final state is only due to the quantum correlation. 



V. REMARKS 

The partial teleportation of entanglement has been 
considered in the noisy environment. The measures of 
individual and correlation information have been ex- 
tensively studied for the two spin-1/2 system. As the 
Werner-state is employed for the quantum channel, the 
calculation of the fidelity, the information transfer and 
the entanglement transfer became extremely simple while 
we do not lose the generality to consider the noisy envi- 
ronment. The larger the initial-state entanglement is, 
the worse the fidelity becomes for any imperfect quan- 
tum channel. Wc, however, find more entanglement in 
the final state with the larger initial-state entanglement. 
The entangled channel transfers at least some of the en- 
tanglement to the final state. 
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APPENDIX: PROOF OF THE MEASURE OF 
ENTANGLEMENT EQ. (4) 

Consider a density matrix p for a two spin-1/2 system 
and the partial transposition a = p T2 po|| . The density 
matrix p is inseparable if and only if a has any negative 
eigenvalues |4|]l5|]. The measure of entanglement £(p) is 
defined as 2^ i (— A7) with the negative eigenvalues A~ 
of a. We will show that £(p) satisfies the three conditions 
(C.1)-(C.3). 

Let d(p) be a diagonal matrix of the partial transposi- 
tion a such that, for some unitary operator U, 



d(p) = (UaU^) 

= diag(Ai,A 2 , A 3 ,A 4 ) 



(Al) 



where diag({Ai}) represents a diagonal matrix with its di- 
agonal elements A^ and thus A^ arc eigenvalues of a. For 
the given d(p), the density matrix space is decomposed 
into two subspaces; one is expanded by eigenvectors of 
the semi-positive (positive or zero) eigenvalues and the 
other of the negative eigenvalues of d. The identity oper- 
ator 1 is then the sum of two projectors P+ and P_ such 
that 



1 = P+ 



P_ 



(A2) 



where P+ (P— ) projects the density matrix space onto 
the semi-positive (negative) eigenvalue subspace. Any 
hermitian matrix H is decomposed into 

H = P+HP+ + P+PP_ + P-HP++ P_HP- (A3) 

and thus 



d(p) = d+(p)+d-{p) 



(A4) 



where d_| 
P+dP- = 



P+dP, and d_ 



P_dP_. Note that 



P-dP + = since d is a diagonal matrix. Now, 



the measure of entanglement £{p) is defined as twice the 
absolute value of the trace on the negative diagonal ma- 
trix d-(p), given by 



£(p) ee -2Tr d-{p) 



(A5) 



where A^" is negative eigenvalue of a and the factor 2 is 
introduced to be < £(p) < 1. 

Now we consider that E(p) in Eq. (||) satisfies the 
necessary conditions (C.1)-(C.3). If p is separable, a 
has no negative eigenvalues and the converse statement 
also holds, satisfying the condition (C.l). A local uni- 
tary transformation leads to new density matrix p' — 
U\ ® VipU\ ® U\ and its partial transposition &' = 
L>i <g> U%aU\ <g> (C/ 2 *)t. Note that U x <g> f7 2 * is a unitary 
operator such that U\ ® t/JC/J ® {U2 



1. Since the 



eigenvalues are independent of the unitary transforma- 
tion, the condition (C.2) is satisfied with E(p') = E(p). 

To consider the final condition (C.3), we introduce the 
LGM+CC(+PSS) which maps the density matrix p into 
p' , defined by 



(A6) 



where the classically correlated operator Vi — Ai <S> Bi 
satisfies the complete relation as Ylii^i) ^ = 1- Let 
PiPi = VipVi with pi = TrV^pV^ and bi — p i 2 . Since 
Vi is a local operator, &i is represented in terms of er, 
namely. 



ViOi = Via ^ 



(A7) 



where V{ — A t <g> B* is an LGM+CC operator with a 

completeness relation J2i V( V( = !• 

Suppose g! 1 are diagonal matrices of <7i with some uni- 
tary operator Ui and d of a with [/. The diagonal matrix 
d l can be written as 

Pi# = (tTi^^) (Pal>t) ((J V^uf) 

= WidW} (A8) 

where W l = UiV(Ul is also a LGM+CC operator. For 
the given d % , two projectors P % _ and PI are defined to 
project the density matrix space onto semi-positive and 
negative eigenvalue subspaces of d l . The measure of en- 
tanglement E(pi) on the subensemble pi is given by 



PiE(pi) = -2 Pi Ti [d l _{ Pl )^ 

= -2Tr ( P l _Wjw} Pt 



(A9) 

We represent d = T,j x j\^j)('<Pj\ = E a x t \ipa){^ a \ + 
J^p ^,3 IV^XV'/sl where the sum is decomposed into two 
sums of semi-positive and negative eigenvalues. The 
whole-ensemble average of the measures of entanglement 
is given by 

5>P(A) = 2j2(-^)i^\W^PlPlW i \^) 

i ij 

=2Y^{->£)mw}PiPiw i \i> a ) 



+2 



^(-A^i^piPiw^) 

i/3 



(A10) 



where we separate the sum into the sums of semi-positive 
eigenvalues Aj and negative eigenvalues of d. The in- 
equality, {ipj\W} PiPLWilipj) > 0, and the sign of eigen- 
values make the first term negative and the second term 



G 



positive in Eq. (A10). Eq. (A10) results in the following 
inequality 

^ Pi E(p i )<2j2(-^)(MW}P l LP^W i \^i3}. (All) 

i i/3 

Since < W} PiPi.Wi\ip) < 1 for arbitrary wave 

function \ip) [Ell, we finally arrive at the inequality 

5>J5(/5i) < 2^(-A-)^(V- /3 |W i t PlPl^|#) 



(A12) 



which satisfies the condition (C.3) for an arbitrary set of 
LGM+CC operators. 

As an example how to calculate the measure of entan- 
glement, consider the Werner state w in Eq. (||). When 
we select the following representations, 
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the Werner state is written as 
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(A13) 



(A14) 



where / = (2$ + l)/3, and the set of eigenvalues is {(1 — 
/)/4, (1 - /)/4, (1 - /)/4, (1 + 3/)/4}. The positivity 
of density matrix requires that — 1/3 < / < 1 and thus 
—1<$<1. The partial transposition is now given by 



uF 2 = 



o 
o 

V 9 



1 + / 

4 









1+/ 

4 








w / 

4 / 



(A15) 



which has its eigenvalues {(1 + /)/4, (1 + /)/4, (1 + 
/)/4, (1 — 3/)/4}. It is clear that three eigenvalues are 
positive since (1 + /)/4 > under the constraint of 
— 1/3 < / < 1. The other eigenvalue can be negative 
only if 3/ > 1 or equivalently $ > 0. For 3/ > 1, 
E{P) = 2 Ep(-^) = (3/ - l)/2 while E(p) = for 
3/ < 1. The Werner state with / = 1 becomes a maxi- 
mally entangled singlet state and then E{w) = 1. 
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Alice Bob 

FIG. 1. Schematic drawing for the partial teleportation. 
An unknown spin- 1/2 two-body quantum entangled state is 
generated by Alice's source S. The quantum channel is pro- 
duced and Alice and Bob share the correlated pair. Alice per- 
forms the Bell measurement on the particles 2 and 4 and sends 
the result to Bob through the classical channel. Bob unitarily 
transforms the particle 4 to complete the partial teleporta- 
tion. We are interested in the entanglement and closeness of 
the state of particles 1 and 4 to the initial state of particles 1 
and 2. 




E 



FIG. 2. The entropy of entanglement S (solid line) in terms 
of the measure of entanglement E for a pure spin- 1/2 entan- 
gled state. The dashed line is an eye-guidance for a linear 
curve. The entropy of entanglement S is a monotonously in- 
creasing function of the measure of entanglement E for a pure 
state because the first derivative of S is positive everywhere 
from to 1 of E. 
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